We report benchmark results for one-dimensional (1D) atomic and molecular sys- 2 . We find that, unlike their 3D counterparts, 1D molecules are primarily bound by one-electron bonds. Finally, we study the chemistry of H + 3 and we discuss the stability of the 1D polymer resulting from an infinite chain of hydrogen atoms.
I. 1D CHEMISTRY
Chemistry in one dimension (1D) is interesting for many experimental and theoretical reasons, but also in its own right. Experimentally, 1D systems can be realized in carbon nanotubes, [1] [2] [3] [4] [5] organic conductors, 6-10 transition metal oxides, 11 edge states in quantum Hall liquids, [12] [13] [14] semiconductor heterostructures, [15] [16] [17] [18] [19] confined atomic gases, [20] [21] [22] and atomic or semiconducting nanowires. Theoretically, Burke and coworkers 23, 24 have shown that 1D systems can be used as a "theoretical laboratory" to study strong correlation in "real" three-dimensional (3D) chemical systems within density-functional theory. 25 Herschbach and coworkers calculated the ground-state electronic energy of 3D systems by interpolating between exact solutions for the limiting cases of 1D and infinite-dimensional systems.
26-28
However, all these authors eschewed the Coulomb operator 1/|x| because of its strong divergence at x = 0. For example, Burke and coworkers 23, 24 used a softened version of the [29] [30] [31] [32] replacing the usual Coulomb inter-particle interactions with the Dirac delta function δ(x). [33] [34] [35] [36] There are few studies using the true Coulomb operator and most of these focus on non-atomic and non-molecular systems.
37-43
We prefer the Coulomb operator because, although it is not the solution of the 1D Poisson equation, it pertains to particles that are strictly restricted to move in a one-dimensional sub-space of three-dimensional space.
The first 1D chemical system to be studied was the H atom by Loudon. 44 Despite its simplicity, this model has been useful for studying the behavior of many physical systems, such as Rydberg atoms in external fields 45, 46 or the dynamics of surface-state electrons in liquid helium 47, 48 and its potential application to quantum computing. 49, 50 Most work since Loudon has focused on one-electron ions 44, [51] [52] [53] [54] [55] [56] [57] and, to the best of our knowledge, no calculation has been reported for larger chemical systems. In part, this can be attributed to the ongoing controversy concerning the mathematical structure of the eigenfunctions.
57-63
Although debates about the parities and boundedness of the eigenfunctions continue, we will assume in the present study that nuclei are impenetrable. 57, 61, 64 In Sec. III and Sec. IV, we report electronic structure calculations for 1D atomic and molecular systems using the Coulomb operator 1/|x|. Sec. IV discusses several diatomic systems, the chemistry of H + 3 and an infinite chain of 1D hydrogen atoms. Because of the singularity of the Coulomb interaction in 1D, the electronic wave function has nodes at all points where two electrons touch. 65 As a result, all 1D systems are spin- All our atomic and molecular calculations use a normalized basis of exponentials on the
FIG. 1. Orbital basis functions in a triatomic molecule ABC
ray to the left of the leftmost nucleus,
exponentials on the ray to the right of the rightmost nucleus,
even polynomials on the line segment between adjacent nuclei,
and odd polynomials on the line segment between adjacent nuclei,
where z = (A + B − 2x)/(A − B), R AB = |A − B| and Γ is the Gamma function. 71 By including only positive integer k, we ensure that the orbitals vanish at the nuclei. Some of these basis functions are shown in Fig. 1 . Full details of these calculations will be reported elsewhere.
and two families of electronic states can be considered:
family where both electrons are on the same side of the nucleus;
family where the electrons are on opposite sides of the nucleus.
Some of the properties of the first ten ions are gathered in Table I . state, each electron is confined to one side of the nucleus, and is perfectly shielded from the other electron by the nucleus. As a result, the electron correlation energy E c is entirely of the dispersion type and is much smaller than in 3D atoms. For example, E c in 1 He 1 is −3.022 while E c in the ground state of 3D He is −42.024. It is interesting to note that, unlike the situation in 3D, the correlation energy of 1 H -1 is slightly larger than in 1 He 1 and approaches the large-Z limit from below. arising from use of the softened Coulomb operator 23 are totally different from energies E c from the unmodified operator. This qualitative change arises because the softened operator allows the electrons to share the same orbital.
Large-Z expansion
In the large-Z (i.e. high-density) limit, the exact and HF energies of the two-sided He-like ions can be expanded as a power series using Rayleigh-Schrödinger perturbation theory
where
For large Z, the limiting correlation energy is thus
HF +
The second-and third-order exact energies
can be found by Hylleraas' approach, 74 while the second-and third-order HF energies
can be found by Linderberg's method. 75, 76 We conclude, therefore, that
The negative sign of E It is interesting to note that the 2D and 3D values of E containing a large number of terms. The results are reported in Table II .
Where exact energies are available, it appears that the MP2 and MP3 calculations recover a large proportion of the exact correlation energy. Their performance appears to improve rapidly as the atomic number grows and, for this reason, we consider the MP3 energies to be reliable benchmarks for the heavy atoms.
In view of the modest sizes of these atomic correlation energies, we conclude that it is likely that, for 1D systems, even the simple HF model is reasonably accurate and MP2 offers a very accurate theoretical model chemistry.
The accuracy of perturbative methods throughout Table II may be surprising given the small band gaps in some of the species, e.g. Li. Although a small gap is often an indicator of poor performance for perturbative corrections, the associated HOMO-LUMO excitations correspond to the movement of an electron from the outermost orbital on one side of the nucleus to the corresponding orbital on the other side, e.g. exciting from 1 Li 1,2 to 1,2 Li 1 .
However, such excitations are excluded from the perturbation sums because they involve the (physically forbidden) movement of an electron from one domain to another.
We have computed the ionization energy IE (A − → A + + e -) and the electron affinity EA (A + e -− → A -) of each atom and these are summarised in 
FIG. 2. Periodic table in 1D
However, in 1D the period is very short, viz. two.
The odd-Z atoms have a non-zero dipole moment, which allows reactivity with other odd-Z atoms via dipole-dipole interactions. In contrast, the even-Z atoms have only a quadrupole and would be expected to be more electrostatically inert. The combination of the periodic trends in the IEs and the pattern of atomic reactivities allows us to construct a periodic table for 1D atoms (Fig. 2) . The 1D atoms H, Li, B, N and F are the analogs of the 3D alkali metals (i.e. H, Li, Na, K and Rb) and the 1D atoms He, Be, C, O and Ne are the analogs of the 3D noble gases (i.e. He, Ne, Ar, Kr and Xe).
Like their 3D analogs, 79-84 the 1D IEs drop as the nuclear charge increases. However, this behaviour is more dramatic in 1D than in 3D because the strong shielding in 1D causes the outermost electrons to be very weakly attracted to the nucleus. This effect is so powerful that the third 1D noble gas (C) has an IE (4.733 eV) which is lower than the IE (5.139 eV)
of the third 3D alkali metal (Na).
1D EAs also behave similarly to their 3D counterparts, decreasing as the nuclear charge increases. Because one side of the nucleus is completely unshielded, the EA of 1D H (3.961 eV) is far larger than that of 3D H (0.754 eV). However, like the 1D IEs, shielding effects lead to a rapid reduction in EA as the nuclear charge increases. As a result, the fifth 1D alkali metal (F) has an EA (0.160 eV) which is considerably smaller than the EA (0.486 eV)
of the fifth 3D alkali metal (Rb). We have also computed x 2 as a measure of atomic radius and compared these to the calculated values of Clementi et al. 85, 86 for 3D atoms. Whereas a 3D alkali metal atom is much larger than the noble gas atom of the same period, the 1D alkali metal atoms are only slightly larger than their noble gas counterparts.
IV. MOLECULES A. One-electron diatomics
The electronic Hamiltonian of a one-electron diatomic AB Z A +Z B -1 composed of two nuclei A and B of charges Z A and Z B located at x = −R/2 and x = +R/2 iŝ
For these systems, three families of states are of interest:
• The i AB Z A +Z B −1 and AB
families where the electron is outside the nuclei;
87
• The A i B Z A +Z B −1 family where the electron is between the two nuclei.
Some of the properties of three such systems are reported in the upper half of Table IV . 
H + 2
The simplest of all molecules is the homonuclear diatomic H + 2 , in which Z A = Z B = 1. In 3D, this molecule was first studied by Burrau All the heavier one-electron diatomics have purely repulsive dissociation curves. 
Chemical bonding in one-electron diatomics

Harmonic vibrations
We have computed the harmonic vibrational frequencies of H 1 H + , He 1 H 2+ and He 1 He
3+
at their equilibrium bond lengths and these are shown in Table IV . The second derivative of the energy was obtained numerically using the three-point central difference formula and a stepsize of 10 −2 bohr. The frequency of the 1D H 1 H + ion (2470 cm −1 ) is similar to that of the 3D ion (2321 cm −1 ) 93 but this result is probably accidental. Although the barrier in He 1 H 2+ is small and its harmonic frequency relatively high (3553 cm −1 ), the ion probably supports a vibrational state: the zero-point vibrational energy is only half the barrier height.
B. Two-electron diatomics
The Hamiltonian of a two-electron diatomic AB Z A +Z B -2 composed of two nuclei A and B of charges Z A and Z B located at x = −R/2 and x = +R/2 iŝ
These systems possess six families of states:
• The A i,j B Z A +Z B −2 family;
family;
• Some of the properties of four such systems are reported in the lower half of Table IV.
H 2
The simplest two-electron diatomic is H 2 where Z A = Z B = 1. The 3D version of this molecule has been widely studied since the first accurate calculation of James and Coolidge 69 in 1933. The ground state in each family has been calculated using Hylleraas-type calculations and is represented in Fig. 6 . We note that the HF and Hylleraas curves are almost indistinguishable due to the small correlation energy in these systems (see Table IV ).
As expected, HH 1,2 is high in energy due to shielding by the inner electron (see discussion on the He-like ions in Sec. III B), and dissociates into H + + H -1,2 . The three other states dissociate into a pair of H atoms. As in H + 2 , the 1 HH 1 state is the most stable at small bond lengths, but is higher in energy than H 1 H 1 when R > 1.5 bohr. The H 1 H 1 state is bound with an equilibrium bond length of 2.639 bohr and a dissociation energy of 0.1859 E h . In comparison, the bond length of the 3D H 2 molecule is close to 1.4 bohr and has a similar dissociation energy (0.1745 E h ). 94 The harmonic vibrational frequency of
is significantly lower than the 3D value (4401 cm −1 ). 93 The equilibrium bond lengths and vibrational frequencies of H 1 H + and H 1 H 1 are similar because of the efficient shielding in 1D. Finally, we note that H 1 H 1 has a non-zero dipole moment and the two fragments H 1 are bound by a dipole-dipole interaction.
For those who are familiar with the traditional covalent two-electron bond in 3D chemistry, the instability of H 1,2 H is probably surprising. However, this state is destabilized by two important effects: (a) the high kinetic energy of the electrons when trapped between nuclei (see discussion on H + 2 in Sec. IV A) and (b) the 1D exclusion principle, which mandates that the second electron occupy a higher-energy orbital than the first. For these reasons, 1D molecules are usually held together by one-electron bonds (sometimes called hemi-bonds). 1 is metastable with a large energy barrier of 0.3051 E h and a late transition structure with R ts /R eq ≈ 2.5. In 3D, the He 2+ 2 dication is also metastable but with an earlier transition structure (R ts /R eq ≈ 1.5).
Bonding in H
95-99
Like the 3D HeH + molecule, 100 the 1D 1 . All these values are small compared to their 3D analogs because correlation energy in these 1D systems is entirely due to dispersion.
Correlation effects
As a result, correlation effects are pleasingly small and, for example, the HF bond length in H 1 H 1 differs from the exact value by only 0.003 bohr. This re-emphasizes that the HF approximation is probably significantly more accurate in 1D than in 3D. ) can be rationalized by comparing the distance between the two electrons in each system (see Fig. 7 ): shorter distances yield larger correlation energies.
For the diatomics in Table IV , HF theory is again found to be accurate and the MPn series appears to converge rapidly towards the exact correlation energies. In particular, the MP3 and exact energies differ by only a few microhartrees.
C. Chemistry of H + 3
The 3D H .) The proton affinity of H 2
is also strongly exothermic (∆U = −0.1613 E h ).
107
In this Section, we study the 1D analogs of these two reactions, viz.
In 1D, the equilibrium structure of H 1 H 1 H + has D ∞h symmetry, a bond length of 2.664 bohr, and an energy of −1.570720 E h (see Table IV ). The correlation energy at this bond length is only 0.900 mE h . Our calculations predict that reactions (21) and (22) are both exothermic (∆U = −0.0541 and −0.3848 E h , respectively) and that reaction (22) is barrierless. It is interesting that the exothermicities of reactions (19) and (21) are close, and that the proton affinities (reactions (20) and (22)) are also broadly similar.
D. Hydrogen nanowire
Despite the fact that equi-spaced infinite H chain in 3D suffers from a Peierls instability,
108
this system has attracted considerable interest due to its strong correlation character and metal-insulator transition. We have expanded the HF orbital in the unit cell (x ∈ [−R/2, R/2]) as a linear combination of K even polynomials (3). We find that, near the minimum-energy structure, K = 4 suffices to achieve convergence of the HF energy to within one microhartree and the resulting bond length is R eq = 2.763, which is slightly longer than the values in H 
V. CONCLUDING REMARKS
We have studied the electronic structure of 1D chemical systems in which all nuclei and electrons are constrained to remain on a line. We have used the full Coulomb operator and our numerical results are strikingly different from those of previous studies 23, 24 in which a softened operator was used. We have explored atoms with up to 10 electrons, one-and two-electron diatomics, the chemistry of H + 3 and an infinite chain of H atoms. We find that, whereas atoms with odd numbers of electrons have non-vanishing dipole moments and are reactive, atoms with even numbers of electrons have zero dipole moments and are inert. Based on these results, we have concluded that the 1D version of the periodic table has only two groups: alkali metals and noble gases.
Our study of one-and two-electron diatomics has revealed that atoms in 1D are bound together by strong one-electron bonds which arise primarily from electrostatic (chiefly chargedipole and dipole-dipole) interactions. This leads to a variety of unexpected results, such as the discovery that the bond in H + 2 is much stronger than the bond in H 2 . 
